EXPONENTIAL GROWTH OF HOMOLOGICAL TORSION FOR 
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Abstract. In this paper we prove that for suitable sequences of congruence subgroups 
of Bianchi groups, including the standard exhaustive sequences of a congruence subgroup, 
and even symmetric powers of the standard representation of SL2(C) the size of the 
torsion part in the first homology grows exponentially. This extends results of Bergeron 
and Venkatesh to a case of non-uniform lattices. 



1. Introduction 

The aim of the present paper is to extend some recent results obtained by Bergeron and 
Venkatesh for cocompact arithmetic groups to the case of Bianchi groups which are not 
cocompact. Thus we shall firstly recall some of the results of Bergeron and Venkatesh. 
Let G be a semisimple connected linear algebraic group defined over Q and let T be a 
congruence subgroup of G(Q). Assume that T is cocompact or equivalently that G is 
anisotropic over Q. Let G := G(M) be the real points of G and let K be a maximal 
compact subgroup of G. Then one can form the globally symmetric space X := G/K and 
the locally symmetric space X := T\X. Let S(X) := rankc(G) — rankc(K) 

Now let L be an arithmetic T-module. This means that there exists a Q-rational repre- 
sentation p of G on a finite-dimensional Q-vector space Vq such that L is a Z-lattice in Vq 
which is invariant under T. Restricting p to T, one can form the homology groups H q (F, L). 
These are finitely generated abelian groups and one lets H q (T, L) tors be their torsion part. 
If S(X) = 1 and X is odd-dimensional, for arithmetic reasons one expects these groups to 
be large, see [BV] and also the recent book of Calegari and Venkatesh [|CV|| . Bergeron and 



Venkatesh verified this conjecture in the following way: If the representation p]g of G on 
Vq <S>q K. associated to p is strongly acyclic, which means that it admits a uniform spectral 



gap near zero (see JBV|, page 15]), then for every sequence Tj of finite index (congruence) 



subgroups of T for which the injectivity radius goes to infinity, they proved that 
(1.1) liminf £ ^'^fi- 1 > Cjf (p)vol(V), 



[T : Ti 

q=d(2) 1 



sec 



pVi Theorem 1.4], where d = *™f=± . Here c^(p) is a strictly positive constant which 



depends only on the globally symmetric space X. More precisely, if X is any (compact) 
manifold of the form X = T\X, where T is a discrete, torsion-free subgroup of G, and if 
one denotes by logT^^p) the L 2 -torsion of X with respect to the flat bundle defined by 
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the restricion of p^ to T, then one has 

(1.2) log4 2) (p) = (-l)^(p)vol(X). 

Furthermore, Bergeron and Venkatesh conjectured that in the asymptotic formula (|1.1| ) 
only the <i-th part contributes to the growth of the torsion in the limit, i.e. they conjectured 
that for every q the limit 

log \H q (T i, L) t ors\ 

lim ^~F1 

i^co [l : l jj 

exists, that forq^d it is zero and that for q — d it equals (p) vol(X), see fKVLj Con- 
jecture 1.3]. This conjecture has been verified by Bergeron and Venkatesh in |BV|] for 
cocompact arithmetic subgroups of SL 2 (C) and for strongly acyclic representations. 



In the present paper we prove a modified analog of the result ( |1 . 1|) of Bergeron and 
Venkatesh for congruence subgroups of Bianchi groups, which are non-uniform lattices of 
SL 2 (C), and for certain strongly acyclic representations p. The group SU(2) is a maximal 
compact subgroup of SL 2 (C) and the globally symmetric space X = SL 2 (C)/ SU(2) satisfies 
S(X) = 1. Moreover, X is isometric to the 3-dimensional hyperbolic space H 3 . Let 
F = Q(\/—D), DeN square-free, be an imaginary quadratic number field and let Od be 
its ring of integers. Let T(D) := SL 2 (Od). This is a discrete subgroup of SL 2 (C). It is not 
cocompact, but the covolume vol(r(D)\H 3 ) is finite. If o is a non-zero ideal in Od, we 
let r(a) be the associated principal congruence subgroup of level a. This is a finite index 
subgroup of T(D) which is torsion-free for N(a) sufficiently large. A subgroup To of T(D) 
is called a congruence subgroup if it contains T(a) for some non-zero ideal a. 

For m G N we let p(m) denote the 2m-th symmetric power of the standard representation 
of SL 2 (C) on V(m) : = Sym 2m C 2 . Let Vi(m) be V(m) regarded as a real vector space and 
let Pr(?7j) be the representation p(m) regarded as a real representation. There exists a 
canonical lattice L(m) in l^(m) which is invariant under p^(m)(T(D)), see section [|. 
Then L(m) can be regarded as an arithmetic r -module. Actually, we work with a slightly 
symmetrized version of these lattices. Let L*(m) be the dual lattice of L(m) in V£(m). 
Then we consider the lattice L(m) := L{m) © L*{m) in the space Vij(m) © V^(m) on 
which SL 2 (C) acts with the representation pR(m) K © p ffi (m), where pit(m) denotes the 
contragredient representation of pig(m), which in our case is in fact equivalent to p^(m). 

The main result of this article is that the size of the torsion part in the first integral 
homology with coefficients in L(m) grows exponentially for certain sequences of congruence 
subgroups of Bianchi groups. More precisely, we will prove the following theorem. 

Theorem 1.1. Let T C T(D) be a congruence subgroup and assume thatT is torsion-free. 
Let T i; i G N be a sequence of congruence subgroups ofT(D), contained in T , with 



(1.3) 



K(Ti) log [T(D) : Tj] 
i™ [r(.D) : Ti] 
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where denotes the number of cusps q/TV Let X := r \H 3 . Then for m G N with 

m > 3 one /ias 

/-, „x r . . log |^i (fj : I(m)) torB | 2m(m + 1) - 12 

(1.4) hm mf =- — — > vol(X ). 

i-*oo [1 o : 1 jj 7T 

Our main result Theorem |1.1| can be applied for example to the standard exhaustive 
sequences of congruence subgroups. Namely, the following corollary holds. 

Corollary 1.2. If ck is a chain of ideals in Od such that lim^oo iV(di) = oo, then for 
m > 3 one has 

log|jj-i(r(q,);X(m)) tor ,| > 2m(m + 1) - 12 

lm /_^oo V0l(r(ai)\M 3 ) _ 7T 

In particular, for any congruence subgroup Tq ofT(D) there exists a sequence Tq D Ti D . . . 
with [To : Tj] < oo, HiTi = 1 and which satisfies ( |1.4|) . 

We shall now briefly describe our approach to prove our main results. We let T be a 
congruence subgroup of T(D) which is torsion-free. Let H 3 be the hyperbolic 3-space. Then 
X := r\H 3 is a hyperbolic manifold with cusps of finite volume. As already observerd by 
Bergeron and Venkatesh, the size of the torsion subgroups H q (T, L(m)) tors is closely related 
to the Reidemeister torsion of X with coefficients in the complex flat vector bundle E(p(m)) 
defined by the restriction of p(m) to T. However, in our case the singular homology of this 
bundle never vanishes. This is a major difference to the cocompact situation and causes 
additional difficulties: The Reidemeister torsion with coefficients in E(p(m)) is not an 
invariant of X and p(m) but it depends on the choice of a particular basis the in the 
singular homology. To overcome this problem, Menal- Ferrer and Porti introduced the so 
called normalized Reidemeister torsion of X with coefficients in E(p(m)), see ||M.ePo2j . 
This torsion is defined as a quotient of two Reidemeister torsions for the representations 
p(m) and p(2), m > 3 with respect to bases in the singular homology coming from the 
boundary of the Borel-Serre compactification of X and its definition is independent of the 
particular choice of such bases, see [|MePo2| , Proposition 2.2]. The choice of a particular 



basis also enters the relation between the Reidemeister torsion and the size of the torsion 
subgroups in terms of certain volume factors in the free part of the homology. 

To prove our main results, in a first step we show that the normalized Reidemeister 
torsion grows exponentially in certain sequences of coverings. The basic tool we use is an 
expression of the normalized Reidemeister torsion in terms of special values of Ruelle zeta 
functions which has been proved by Menal- Ferrer and Porti [ McPo2| , Theorem 5.8], who 



generalized a result of Miiller ||Mii2 , equation 8.7] to the non-compact case. 



In a second step, expressing the normalized Reidemeister torsion as a weighted product 
of sizes of the groups \H q (T, L(m))t ors \, \H q (T, L(2) tors \ and a contribution from the free 
part in the singular homology, we show that the latter contribution can be controlled in 
the limit and that the contribution of \Hx(T, L(m)) tors \ can be isolated in such a way that 



Theorem |1.1| can be deduced. This step covers the main part of our proof. 
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The structure of this paper is as follows. In section ^ we recall the definition of the nor- 
malized Reidemeister torsion and prove our main result about its asymptotic behaviour. 
In section [3] we recapitulate some facts about the homology of arithmetic groups with 
coefficients in free Z-modules. In section [| we introduce the Bianchi groups and their 



congruence subgroups. The proof of Theorem |TT] and Corollary |1.2| will be carried out in 
the last section |^. 



At the end of this introduction we want to remark that in parts of his thesis ||Ral 



and in his recent preprint [Ka3J Jean Raimbault studied the asymptotic behaviour of the 



regularized analytic torsion and of the Reidemeister torsion for more general sequences 
of hyperbolic 3-manifolds and for more general strongly acyclic coefficient systems. This 
problem is closely related to the problem studied in this paper. 

Acknowledgement. I want to thank Pere Menal- Ferrer for interesting discussions. I 
also want to thank Jean Raimbault for some useful remarks on an earlier version of this 
paper. 

2. RUELLE ZETA FUNCTIONS AND THE ASYMPTOTICS OF NORMALIZED REIDEMEISTER 

TORSION 

Let A be an oriented hyperbolic 3-manifold of finite volume with a fixed spin-structure. 
Then there exists a discrete, torsion- free subgroup T of SL 2 (C) such that A = r\H 3 . We 
assume from now on that X is not compact. Then X is of the form 

k(X) 

X = C(X) U |J F h 

i=l 

with C(X) n Fi = dC(X) n dFi and F< D F s = for i ^ j. Here C(X) is a compact 
smooth manifold with boundary dC(X) and each F±, a cusp of A, is diffeomorphic to 
[l,oo) x T 2 , T 2 the 2-dimensional torus. Moreover, on each Fi the hyperbolic metric of 
A restricts to the warped product metric y~ 2 dy 2 + y~ 2 go, where g denotes the suitably 
normalized flat metric on T 2 . Thus, gluing at 2-torus to each end of A we obtain a compact 
smooth manifold A with boundary such that A is the interior of A and such that A is 
homotopy-equivalent to A. 

Let C(X) be the set of non-trivial closed geodesies of A. For c G C(X) let £(c) denote 
its length. Then there exists a constant cx such that for each R G (0, oo) one has 

(2.5) #{c G C(X) : £{c) < R} < c x e 2R , 

see for example ||MePo2| , Lemma 4.3, Proposition 4.4]. We let 

£{X) := £(T) := min{£(c) : c G C(A)} 

A closed geodesic c G C(X) is called prime if it is the shortest among the closed geodesies 
having the same image as c. The set of prime geodesies will be denoted by VC(X). If 
c G C(X), there exists a unique prime geodesic Co G C(X) with the same image as c and 
thus there exists a unique integer n(c) such that £(c) = n(c)£(ca). 
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For 7 G T we let [7] be its conjugacy class in T. We let C(T) S be the set of all conjugacy 
classes [7] such that 7 G T is semisimple and non-trivial. Then the set C(T) S corresponds 
bijectively to C(X), see for example |F1], section 3]. If 7 G T is semisimple, we let 0(7) be 
the closed geodesic associated to [7] and we let £(7) be its length. Let 

M:= {{ e o e°<») : * e[0 ' 2x) } ; ff '-(o -1 

Then there exists a unique m 7 G M such that 7 is G-conjugate to m 7 exp(£(7)ifi), see for 
example [JPT], section 3]. For k G |Z we let o>. be the one-dimensional representation of M 
on C(crfc) := C defined by 



e w 



2ik6 



Now we let SX be the unit-sphere bundle of X. Then there is a canonical isomorphism 

SX = T\G/M. 

Thus every o = o k defines a locally homogeneous vector bundle 

V(a) := T\G x a C{a) 

over SX. Moreover, the geodesic flow $ of SX lifts to a flow $(cx) of V(cr). Thus for every 
closed geodesic c its lift to V(a) defines an endomorphism fi a (c) on the fibre of V(a) over 
c(0). Explicitly, if one regards \i a as an endomorphism on C(a), one has fi a (c(j)) = cr(m 7 ) 
for every semisimple element 7 G T. Now for s G C with Re(s) > 2, the Ruelle zeta 
function of X associated to the representation a is defined by 

(2.6) Rx(s,a):= J] det (id -^( c ) e "^( c )) . 

cevc(x) 

To establish the convergence of this product, we remarkt that one has 

\ogR x (s,a)= £ log(l-^(c)e-^) 

ce-PC(x) 

(Mc)) fc e- fes£ M 



E E 



k 

cerc(x) fc=i 
cec(x) v y 

Thus by (|2.5|) , the last series converges absolutely for s G C with Re(s) > 2. We remark 
that if X is compact or if more generally X is of finite volume and T is neat, then by ||BO 



| Pff the function R(s,a) admits a meromorphic continuation to C. Under coverings, the 



Ruelle zeta functions can be estimated as follows. 
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Lemma 2.1. Let X be an oriented hyperbolic 3-manifold of finite volume. Then there 
exists a constant C (X ) such that for each hyperbolic 3-manifold X which is a finite covering 
of Xq of index [Xq : X] and every s G [3, oo) one can estimate 

| \ogR x (s,a k )\ < C(X )[X : Xje"^ 

Proof. Let tt : X — > Xq be a covering of index [Xq : X] < oo. Let c be a closed non-trivial 
geodesic in X of length £{c). Then ir(c) is a closed non-trivial geodesic in Xq of the same 
length. Moreover, there are at most [Xq : X] closed geodesies d in X projecting to 7r(c). 
Thus by fl2.7Q, for s G [3, oo) one can estimate 

\logR x (s,a k )\<e-^ ^ e -C-iW0 < e~^[X : X] ^ e -(-iM0. 

cec(x) ceC(Xo) 



Thus if we let 



C(X ):= ^ {C \ 



then C(Xq) < oo by ( |2.5|) and the lemma follows. □ 

Since X is homotopy-equivalent to X, we can identify T with the fundamental group of 
X. Restricting p(m) to T, we can form the homology groups H q (X] V(m)) with coefficients 
in the complex T-module V(m), see section [| These groups are finite-dimensional complex 
vector spaces. We assume from now on that m > 1. 

Let dX be the boundary of X, let Tj, j = 1 . . . , ft(X) be the components of dX and for 
each j let i : 3} — )■ X denote the inclusion. Then we obtain a map from of the fundamental 
group TTi{Tj) of Tj into T and in this way we regard V(m) as a 7r 1 (T :? )-module. Then the 
corresponding homology groups with coefficients will be denoted by H q (Tj,V(m)). For 
each q there is a natural map : H q (Tj] V(m)) —> H q (X; V(m)). 

According to Menal- Ferrer and Porti, [ |MePo2| | , this map can be used to define bases 
in the homology groups Hi(X;V(m)), H2(X;V(m)) as follows. Fix for each j a non- 
zero vector Uj(m) G V(m) fixed under p(m)(7Ti(Tj)). The set of such vectors is a one- 
dimensional complex vector space, see ||MePol| , Lemma 2.4]. Fix moreover for each j a 
non-trivial cylce 9j G H\(Tj] Z) and let rjj G H 2 (Tj] Z) be a Z- generator of H 2 (Tj] Z). Then 
the elements 9j ®ujj(m) resp. rjj ®Uj{m) are elements of H\(Tj, V(m)) resp. H 2 (Tj, V(m)) 
and the following proposition holds. 

Proposition 2.2. The maps 6* : H 2 (dX; V(m)) -»■ # 2 (X; V(m)) and : i?i(9X; V(m)) -»- 
Hi(X; V(m)) are surjective. More precisely, let 9 := {9i, . . . ,9 K (x)}, letrj := {rji, . . . ,r) K (x)}, 
and let u(m) := {ui(m), . . . , u K rx)(m)}- Then the sets 

k(X) k(X) 

(2.8) B{9; u)(m)) := [J {u{9 3 <g> c^(m))}; B(r]] w(m)) := |J {^(^ <g> ^(m))} 

i=i i=i 

/orm a fraszs of Hi(X; V(m)) resp. H 2 (X;V(m)). 

Proof. This is proved by Menal-Ferrer and Porti, [ |MePo2 , Proposition 2.10]. □ 
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Since X is homotopy-equivalent to a 2-dimensional CW-complex, the group H^(X; V(m)) 
is trival. Since V(m) is self-contragredient, one has H (X; V(m) = H°(X; V(m)) and since 
the last group coincides with the T-invariant vectors in V(m), H (X; V(m)) is also trivial. 
Thus B(9, r], uj{m)) := B(9; ui{m)) U B{r\\ u){m)) defines a basis in the homology of X with 
respect to the local system associated to p(m). 

Let T^(p(m); B(9, rj, u{m)) be the Reidemeister-torsion of X associated to the restriction 
of the complex representation p(m) to T and with respect to the basis B(9,r],u(m)), see 
Miil, section 1]. Then by [ MePo2| , Proposition 2.2], for m > 3 the quotient 

Tx(p(m);B(9,ri,u(m)) 

™ )] " T T ( P (2);B(e, V M2))) 

is independent of the choice of 9. It is easy to see that the quotient is also independent of 
cu(m), cu(2) and 77. We remark that since p(m) factors through a representation of PSL^C), 
Ty(p(m)) is also independent of the spin-structure of X. This independence of the spin- 
structure is the main reason why we restrict to even symmetric powers of the standard 
representation in this article. 

We shall now study the asymptotic behaviour of the normalized Reidemeister torsion 
under sequences of hyperbolic manifolds X^. If the constant Ces(p(m)) is defined according 
to (Of), one has 



. . . . m(m + 1) 1 
(2.9) Ch3 p m = -i + — , 

7T 07T 



see 



PV| , 5.9.3, Example 3], |[MuPl| , Remark 2}. Moreover, the following proposition holds. 



Proposition 2.3. Let Xq be an oriented hyperbolic 3-manifold of finite volume. Let Xi, 
i € N be a sequence of hyperbolic 3-manifolds which are finite coverings of Xq such that 
linij^oo £(Xi) = oo. Then for every m G N with m > 3 one has 

v lo g7x>K0 , i , » / , n sss m(m+l)-6 

lim fnn — = -( c H3(p(m)) - c H3 (p(2))) = . 

Proof. By [ |MePo2j , Theorem 5.8], taking the different parametrizations into account, we 
have 

^ m 

log Tx (p(m)) = vol {Xi) (m(m + 1) - 6) + V log | (A:, a k ) \ . 

7T — ' 

fc=3 

Applying Lemma [2.1| , the proposition follows. □ 

To explain Proposition ^]3| we note that for m G N — {0} the representation p(m) is 
not invariant under the standard Cartan- Involution of SL 2 (C). Thus by ||BV| , Lemma 4.1], 
for closed hyperbolic 3-manifolds X the bundle E(p(m)) over X is strongly acyclic. In 
particular, by the Hodge-DeRham isomorphism, in the closed case the homology groups 
H q (X, E(p(m))) vanish and the Reidemeister torsion Tx{p{m)) is an invariant of the closed 
manifold X and the representation p(m). Moreover, as a special case of a more general 
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Theorem of Bergeron and Venkatesh ||BV| , Theorem 4.5] one obtains for a sequence of closed 
hyperbolic 3-manifolds Xi with £(Xi) — > oo and for every m G N — {0} that 

lim — ^TTIm — = ~* W m ■ 

Since in the closed case one has log 73^ (m) = ^ogT Xi (p(m)) — logTx i (p(2)) , Proposition 
|2.3| can be seen as a modified extension of the result of Bergeron and Venkatesh to the 
non-compact 3-dimensional case. 

3. Torsion in the homology of arithmetic groups 

We keep the notation of the previous section. We fix a finite-dimensional smooth rep- 
resentation p of SL 2 (C) on a complex vector-space V. We let Vr be V, regarded as a 
real vector-space, and we we let be the corresponding real representation of SL 2 (C). 
Assume that there exists a lattice L in VJr which is invariant under pra(r). Then we obtain 
a representation pz : T — > Autz(L). For q = 0,1,2 we denote the associated homology 
resp. cohomology groups of T with coefficients in L by H q (T]L) resp. H q (T;L). These 
groups can be computed as follows. Let K be a smooth triangulation of X, containing a 
subcomplex J triangulating dX. Let X be the universal covering of X. Then X is homo- 
topy equivalent to H 3 , the hyperbolic 3-space. In particular, X is contractible. Let C q (K) 
be the free abelian group generated by the g-chains of K, let C q (K) := Hom. z (C q (K), Z) 
and let C*(K) resp. C*{K) be the associated simplical chain- resp. cochain-complexes. 
Each C q (K) is a free Z[T] module and if one fixes an embedding of K into K, then the 
g-cells of K form a basis of C q (K) over Z[r]. Let 

C,(K; L) := C q (K) ® m L; C^K; L) := C q {K) ® m L. 

Then the C q (K; L) resp. C q (K; L) again form a chain resp. a cochain complex C*(K; L) 
resp. C*(K;L) of free Z- modules of finite rank and the corresponding homology resp. 
cohomology groups, which are topological invariants of X, will be denoted by H q (X;L) 
resp. H q (X; L). Moreover, since X is contractible, the C q {K) form a free resolution of Z 
over Z[r] and thus one has isomorphisms 

H q (T- L) S H q (X- L)\ H q (T- L) S ^(X; L), 

where the second isomorphism follows from the isomorphism 

C q (K,L) = Rom m (C q (K),L), 

which induces an isomorphism of the corresponding cochain complexes. 

Let J be the subcomplex of K coming from the subcomplex J. Restricting p% to the 
image of iri(dX) in F and using J, we can form the complex C*( J; L)) which is a subcomplex 
of C*(K;L). The homology groups of C*(J;L) are topological invariants of dX and will 
be denoted by H q (dX; L). Finall by H q (X,dX;L) we denote the relative homology, i.e. 
the homology of the complex C*(iT; L)/C*(J; L). 

If we denote by A one of the homology resp. cohomology groups, then A is a finitely 
generated abelian group and thus it has a decomposition A = Af ree © A tors , where A/ ree 
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is a finite-rank free Z-module and where A tors is a finite abelian group. Now we let L* := 
Hom z (L, Z). Then L* becomes a T-module via the contragredient representation pi of pi. 
Moreover, we have the following Lemma. 

Lemma 3.1. For each q there is an isomorphism H g (T; L*) tors = H q _i(T; L)) tors . 
Proof. There is an isomorphism of complexes 

C*(K; L*) = Romi(C*(K; L);Z) 
and thus the statement follows from the universal coefficient theorem. □ 
Now we let 

C q (K,V R ) :=C q (K) ® m V M . 
The C q (K, Vr) form a chain complex C*(K, Vr) of finite-dimensional R- vector spaces and 

(3.10) C q (K,Vn) = C q (K,L)® z R. 

The homology groups H q (K, Vr) of the complex C*(K, Vr) are topological invariants of X 
and are equal to the homology groups H q (X; Vr) of X with coefficients in the local system 
defined by pr. By (|3.10|) , H q (X; L)f ree is a lattice in H q (X; Vr). 

Similarly, if we regard p as a complex representation of T, we obtain the cohomology 
groups H q (X; V), which are complex vector spaces. Regarded as real vector spaces, they 
are equal to the H q (X; Vr). 

Now assume that we are given bases Bf of H q (X; Vr), q G {1, 2}. Let B R = Bf U Bf . 

We define an inner product on H q (X; Vr) by declaring to be an orthonormal basis. By 

volgK H q (X; L)f ree we denote the covolume of the lattice H q (X; L)f ree with respect to this 

inner product. Then if T^(pr; B r ) is the Reidemeister torsion of X associated to this inner 
product and the local coefficients defined by Pr|t, the following lemma holds. 

Lemma 3.2. One has 

T _, l^°( r ' L ) torsi vol B« Hi(X] L) free 

\Hi(T; L) tOTS \ vo1 b k H 2 (X; L)f ree 

Proof. This is proved by Bergeron and Venkatesh ||BV| , section 2.2]. □ 

We finally have to relate the Reidemeister torsion of the representation pr to the Rei- 
demeister torsion of the representation p, regarded as a complex representation. If B q , 
q E {1,2} are bases of H q (X; V), B = B x U B 2 , we define bases Bf of H q (X; Vr) by 

(3.11) Bf :=B q U{y/^Tuj: u e B q }; B R :=BfuB R . 
Then the following Lemma holds. 

Lemma 3.3. For any complex basis B as above one has 

T x (p;B) 2 = T x (p R ;B R ). 
Proof. For the proof one can proceed as in the proof of | |MalVlu| , Lemma 2.4]. □ 
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4. Congruence subgroups of Bianchi groups 

In this section we collect some basic properties of the Bianchi groups and their congruence 
subgroups which are needed for our purposes. Let us firstly recall the definition of these 



groups. We let F := Q(y/—D), DeN square-free, be an imaginary quadratic number field 
and cIf be its class number. Let Od be the ring of integers of F, i.e. Od = Z + \/ —DTL if 
D = 1, 2 modulo 4, O d = Z + i±^Z if D = 3 modulo 4. We let T(D) := SL 2 (O d ) be 
the associated Bianchi- group. Then Xd := T(D)\M. 3 is of finite volume 

IM § Cf(2) 
4tt 2 ' 

where is the Dedekind zeta function of F and Sf is is the discriminant of F, see ||Hu|1, 



, 3 

I A , ■ 

vol(X D ) 



|5a| , Proposition 2.1]. Let a be any nonzero ideal in Od and let N(a) denote its norm. 
Then the associated principal congruence subgroup T(a) is defined as 

T(a) := | r e SL 2 (O d ) : a - 1 G a; d - 1 G a; 6, c G a J . 

A subgroup T of r(Z)) is called a congruence subgroup if there exists a non-zero ideal a 
in On such that V contains T(a) as a subgroup of finite index. We recall that by [ |B"a] , 
Corollary 5.2] the sequence 

1 ->• T(o) -> r(D) -> SL 2 (C D /a) -)• 1 



is exact. Thus, arguing exactly as in [ph] , Chapter 1.6] for the SL 2 (M)-case, one obtains 
(4.12) [T(D) : r(a)] = # SL 2 (G D /a) = N(af JJ (l - ^) , 

where the product is taken over all prime ideals p in Od dividing a. Let P X (F) be the one- 
dimensional projective space of F. As usual, we write oo for the element [1,0] G P 1 (F). 
Then SL 2 (-F) acts naturally on P X (F) and by | |KCM| , Chapter 7.2, Proposition 2.2] one has 
k(T(D)) = #(r( J D)\P 1 (F)), «(r(a)) = #(r(a)\P x (F)). Furthermore, by ^GM| , Chapter 
7.2, Theorem 2.4] one has k(T(D)) = dp. Let P = MAN be the standard parabolic 
subgroup of SL 2 (C), where M is as above and where 

A= {(o x- 1 ) AeR ' X>0 } ] N= {(o i)' 6gC 

Then P is the stabilizer of oo in SL 2 (C). For each 7] G P x (F) we fix B v G SL 2 (F) with 
B v r] = oo. Then P v := B^PB,, is the stabilizer of r] in SL 2 (C). We let N v := B^NB^. If 
T] G P 1 (-F), we let r(Z)) r? resp. T(a) v be the stabilizer of r\ in r(D) resp. T(a). 

The next Lemma is certainly well known to experts. However, since we could not find a 
reference, we include a proof here. We let 0* D be the group of units of Od, i-e. 0* D = {±1} 
for D^l,3, 0* D — {±1, iv^T} for D = 1, 0* D = {±1, ±i±^} for D = 3. 



2 

Lemma 4.1. Let a fee an «'deaZ m Od. T/ten for N(a) sufficiently large one has k(T(o)) 

A, F(D):r(a)] 
a ^#(O*)7V( )- 
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Proof. The group P is defined over F and we let P(F) be its F- valued points. If A G C 
is an eigenvalue of an element 7 G r(D) v , then, since B^jBl' 1 C P(F), also A" 1 is an 
eigenvalue and thus one has A, A -1 G F and since (9d is integrally closed, one has A G 0* D . 
Moreover, if 0* D ^ {±1}, then D = 1,3 and in this case the class number is one and so 
Od has only one cusp, so in this case one can assume that B v G SL 2 (C?d)- Thus in any 
case one obtains 

(4.13) B n Y{D) r] B~ 1 = J(B V T(D) V B~ 1 n N), J G | f° j^) , a G 0£> 1 . 

Assume that D / 1,3. Then, since for every element 7 G T(a) one has Tr(7) G 2 + a 
and since Tr(g) = —2 for every element g G — iV, it follows that for —4 ^ a, i.e. for 
N(a) sufficiently large, one has B rj T(a) r ,B~ 1 <Z N. If D — 1, 3, then since T(a) is a normal 
subgroup of r(D) one has B v T(a) v B~ 1 = r(a)oo and it follows from ( |4.13| ) that r(o) oc C N 
for AT (a) sufficiently large. 

Now for r] G F 1 (F), B v as above, write B v = f " G SL 2 (F) and let u be the 

O^i-module generated by 7 and 5. Then one has 

B v r(D) v B^ n iV = I (I U A ■ u G u- 2 j ; A^a)^" 1 n JV = U J ; J G aiT 2 j , 



where the first equality is proved in [EGM], Chapter 8.2, Lemma 2.2] and where the second 



equality can be proved using the same arguments. Thus one has 

[B v r(D) v B^ n N : B^ia^B- 1 n N] = N(a). 

Thus by ( jig ), for each 77 G P X (F) and JV(a) suffciently large one has [r(D)„ : r(a) 7? ] = 
#(0* D )N(<x) and so, if 771,... ,?7d F denote fixed representatives of T(_D)\P 1 (F) one obtains 

«(r(o)) = #(r(a)\P 1 (F)) = # (^}T(a)\T(D)/T(D) v }j = 

□ 

We shall now describe the lattices L(m) in Vis(m). Let ei, e 2 be the standard basis of 
C 2 . Then if we realize V^m) as the space of homogeneous polynomials in e\ and e 2 of 
degree 2m, a complex basis of V(m) is given by {e 2m_ *e 2 ,i = 0, . . . , 2m}. Moreover, for 
each g G SL 2 (C?d) the matrix representing p(m)(g) with respect to this basis has entries 
in Od. Thus if we let L(m) be the Z-module spanned by {e 2m_ *e 2 ,2 = 0, . . . ,2m} and 
{v^e 2 " 1 "^, i = 0, . . . , 2m} for D = 1, 2 modulo 4 resp. {^^e^e^i = 0, . . . , 2m} 
for D = 3 modulo 4 , then L(m) is a lattice in Vu,(m) which is preserved by p^(m)(T(D)). 
We shall denote the associated representation of T(D) on L(m) by pi(m). In order to make 
the basis considered by Menal-Ferrer and Porti into a basis consisting of integral elements, 
we need the following lemma. 

Lemma 4.2. Let B v G SL 2 (F) and let P v := B^ 1 PB V , where P = MAN is the standard 
parabolic subgroup of SL 2 (C) as above. Let N v := B~ l NB v . Then there exist vectors 
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ui{m), ui'{m) e L{m), which are fixed by pz{m) (±(T(D) D N v )) and which are linearly 
independent over R. 

Proof. The vectors w(m) := ef m , u/(m) := V — -De^ m for D = 1, 2 modulo 4 resp. u'(m) : = 
1+ ^~ 7 ^ ef m for .D = 3 modulo 4 belong to L(m), are linearly independent over K and 
are fixed by pz{m) (±(T(D) D iV)). The matrix representing pK(m)(_B~ 1 ) with respect 
to a base of VR(m) coming from a Z-base of L(m) has entries in Q. Thus multiplying 
PM,( m )(B~ 1 )w(m), pR(m)(i?^ 1 )(X' / (m) by the denominator of this matrix gives the desired 
vectors for N v . □ 



5. Proof of the main results 

In this section we prove our main results. We start with the 0-th homology group. This 
group is pure torsion. Moreover, for sequences of congruence subgroups the asymptotic 
behaviour of its size was estimated directly by Raimbault. 

Proposition 5.1. LetTi be a sequence of congruence subgroups ofT(D) such that linij_ s . 00 [r(.D) : 
Tj] = oo. Then for every m G N with m > 1 one has 

,. log|go(r i; L(m))| 



% — ^oo 



Proof. This is proved by Raimbault, see [|Ral| , Lemma 6.11]. □ 

Now we have to estimate the volume factors with respect to the bases in the inte- 
gral homology given by Menal- Ferrer and Porti which occur in Lemma |3.2| . For the 
moment, we consider any X of the form X = T\EI 3 , where T is a discrete, torsion- free 
subgroup of T(D) of finite index. Let dX be the boundary of X and let i : dX — > X 
be the inclusion. Let pr : Hi(X; L(m)) — > H\(X ; L(m)) f ree be the projection. Recall 
that H 2 (X; L(m)) is free. It follows from Proposition that i Jf H 2 (dX; L(m)) resp. 
pr(i*ifi(0X; L(m))free) are lattices of finite index [H 2 (X; L(m)) : L*H 2 (dX; L(m))) resp. 
[Hi(X; L(m))f ree : w{^*Hi{dX\L(m))f r ee)] in H 2 (X;L(m)) resp. Hi(X; L(m)) free . These 
indices can be estimated as follows. 

Lemma 5.2. One can estimate 

[H 2 (X;L(m)) : L*H 2 (dX; L(m))} < \H (X; L*(m)) tors \. 

Moreover, one can estimate 

[HxiX^Lim))^ : pr(t*#i (dX; L(m)) free )} < {H^X; L*(m)) tors \. 

Proof. We prove the first estimate. The second estimate can be proved in the same way. 
Since the sequence 

H 2 {dX- L{m))^ H 2 (X; L{m))^ H 2 (X, dX- L{m)) 
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is exact and since L*H 2 {dX; L(m)) is a lattice of finite index in H 2 (X; L(m)) by Propo- 
sition pT2| , the quotient H 2 (X; L(m))/i*H 2 (dX; L(m)) embeds into H 2 (X, dX; L(m)) tors . 
By Poincare duality, |[Wa| , page 223-224] one has 

H 2 (X, dX; L{m)) = H l (X- L{m)). 



By Lemma |3.1| one has 

H\X; L(m)) tors H (X; L(m)*) tors 

and the first estimate follows. □ 

Now we come to the covering situation. We let Xq be a fixed hyperbolic manifold of the 
form X = r \EI 3 , where r is a torsion-free subgroup of T(D) of finite index. We let k(X ) 
be the number of cusps of X Q and we let T 01 , . . . , T 0)K ( Xq ) be the boundary components of 
Xq. For each k — 1, . . . , k(Xq) we fix, according to Lemma |4~2| , vectors oj\ k {m), uj^ k {m), 
in L(m) which are linearly independent over R and fixed by pM(m)(7Ti(To i fe)). We let X 
be a finite covering of Xq. We let be the number of cusps of X and we let Tj, 

j = 1, . . . , k(X) be the boundary components of X. Each Tj covers a single boundary 
component Tq^q), 1 < k(j) < k(X ) of Xq. We let [T 0t k(j) '■ Tj] be the index of this 
covering. Moreover, we let wj(m) := WQ^Jm), w|(m) := ^^(m). 

Lemma 5.3. Lei m > 1. There exists a constant C > suc/i t/iat /or each hyperbolic 
manifold X which is a finite covering of Xq and each j = 1, . . . , k(X), there exist non- 
trivial cycles 9j G Hi(Tj] Z) such that the free Z-submodule 

k(X) 

Mx(m) := (J) Zpr t,*(6j ® wj(m)) © Zpr ® w?(m)) 
i=i 

o/ H\(X\ L(m))f ree satisfies 

_ «W 
[pr^(F x (aX; L(m))) : M T (m)} < C K ^ J] [T , fc(i) : Tj], 

i=i 

where pr : Hi(X; L(m) — > H\(X; L(m))/ ree denotes the projection onto the free part in the 
homology. 

Proof. We consider each Hj^Tq^jZ) as a lattice in if^To^; IR) and fix an inner product 
defined by a Z-basis of Hi(T 0jk ; Z). The arguments of Menal- Ferrer and Porti ||MePo2| , 
page 17] easily imply that L*(Hi(T 0>k ; V^m))) is a 2-dimensional real vector space generated 
by L*(9 <g) Wofc( m ))> ® ^o^ 771 )) f° r eacn non-zero 9 G Hi(T 0tk ;Z). Let V\(k),v 2 (k) G 
Hi(T 0tk ; L(m) )/ ree , such that pr ^(^(To^; L(m))f ree ) is the free Z-module generated by 
t*(ui(A;)), t*(u2(^))- Thus for every 6* G ifi(T 0)fe ; Z) which is not zero there exists an integral 
matrix = (a^ I/ (^)) such that in the free homology one has 

® Wo,fcM) = aj tl (0)i,(«i (A;)) + a^KM*:)): 
6*(6>©c^ fc (m)) = a* 2 (0)t*(«i(A;)) +o5 2 (0)t*(«2(A:))- 
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Moreover, the matrix Ak(6) is invertible over R for each non-zero 9. Since the matrix 
entries of A^{9) are linear functions of 9, there exists a constant C > such that for all 
k = 1, . . . , k(Xq) and all 9 G Hx(To t j.; Z) one has 

(5.14) |detA fc (0)| < C|#| 2 . 

Now fix a boundary component Tj of c?X. Let it : X — > Xq denote the covering. 
Then 7r induces a covering tt : Tj — >■ To,ft(j) which in turn induces a homomorphism 
7T* : Hi(Tj]Z) Hi(T 0t k(j)', Z). By Minkowski's lattice-point theorem there exists a non- 
trivial 0j G Hi (Tj ; Z) such that 



(5.15) M^)|<2^[T 0jM j ) :Tj]. 

Again there exist wi(j),W2(j) G Hx(Tj) L(m)) f ree such that pr pr 6*(w 2 (i)) form 

a Z-basis of pr L*(Hi(Tj] L(m))/ ree ). Thus in the free homology one has 

1^(6 j ®u){m)) = b 1 ^{9j)i if {w 1 (j)) + b 2:1 (9 j )^(w 2 (j)) 

L*(9j <g>ujj(m)) = b lt2 (9j)i*(wi(j)) + b 2>2 (0j)L*(w 2 (j)), 

where the matrix B(8j) = (b^^Oj)) is integral. By the above arguments, it is invertible 
over R. 

Now we consider the map 7r* : Hi(X, V^(m)) —> Hi(X , V^(m)) which restricts to a map 
7T* : Hi(X , L(m)) f ree — > Hi(Xq, L(m)) f ree . Then we have 

•K*L*W X {j) = d ljl (j)i*v 1 (k(j)) +d 2 ,i{j)L*v 2 {k(j)), 

Tc*t*w 2 (j) = d 2 ,i{j)i*v 1 (k{j)) +d 2t2 (j)L*v 2 (k(j)), 

where D(j) = {d^^ v {j)) is an integral 2x2 matrix. We have 

(5.16) A m (n.(B j )) = D(j)-B{9 j ). 

Thus D(j) is invertible over R. Thus we have using (|5.14|) , (|5.15|) and ( |5.16| ): 

[pr^(Hi(Tj : L(m)) /ree ) : Zt^Bj ® u){m)) + Zt^Bj ® w?(m))] = | det(B(%))| 
<|det(A fc( j)(7r^))|<4C[To, fc(i) :Tj] 
and the Lemma follows. □ 

Now to treat the image of H 2 (dX; L{m)) we will need the following Lemma. 
Lemma 5.4. If for each j one chooses a generator rjj of H 2 {Tj\ r £), the free 7j-module 

k{X) 

J\f Y (m) := Z^(r]j <g> uj]{m)) © Zt # (r]j g> w|(m)) 
i=i 

of H 2 (X ; L(m)) satisfies 

_ *P0 
[,*(tf 2 (3X; L(m))) : A^(m)] < C< x ^ J] [T , fc(j) : Tj]. 
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Proof. The proof is entirely analogous to the proof of the preceding Lemma. □ 



Combining Lemma |572|, Lemma |5.3| and Lemma |5]4], we can prove the following estimate 
for the volume factors. 

Proposition 5.5. LetT be a congruence subgroup ofT(D) and assume thatT is torsion- 
free. Let Ti be a sequence of congruence subgroups ofT(D) contained in Tq such that 

v ^(r t )iog[r :r t ] 

lim ff — rl = °- 

Let Xi := rj\H 3 . Let T^j, j = 1, . . . , K(Tj) denote the boundary components of X{. Then 
for each m G N with m > 1, each i and each j one can choose non-trivial cycles 9ij G 
H^Tij; Z) and vectors u) itj (m) fixed by p % {m){T itj ) such that if for 9 { = {9 iA , Oi,^)}, 
(jJi{m) = {u i; x(m) , . . . , u}i tK (rj(m)} the set B R (9i,uji(m)) is the basis of Hi(Xi, Pr(i7i)) as 
in ( |2.8|) and ( |3.11|) , one has 



H^XiiLimfifree , log \Hi(Ti; L*(m)) 



tors 



[rvr,] [r :r 4 ] 

where a ; G I with lim^oo = 0. Moreover, if for each i and each j one chooses a 
generator r) id of H 2 (T itj ; Z), then for rji = {r^i, . . . , /ft^r*)}, and the basis B R (r]i, u^m)) of 
H 2 (X jj p K (m)) defined by (|2.8|) and (|3.11|) ; one has 

logVOlgRj^. w .( m )) 

i->oo [r : Ti] 

Proof. We choose the 9^j G Hi(Ti t j]Z) and the vectors coj Am), cj?j G L(m) as in Lemma 
We let ujij{m) := ujjJm). Let 

K(X<) 

B R (9 h u>l(m),u?(m)) := |J {^(^(m) ® 0^), t*(u£,.(m) <g> 0y)} 

i=i 

Then B R (9 i , col(m), cjf(m)) is a basis of Hi(Xi, Vgfm)) and if M(z) is the matrix of base- 
change from B R (9i,ul(m),uf(m)) to B R (9i, w»(m)) one has |detM(i)| = CM**), where 
C G 1R + is a constant which is independent of X^. Thus it suffices to estimate the term 
- log volgR ( 0. iW i (m) ^2 (m)) #ipQ; L(m)) free . If Mx^m) is as in Lemma ^ one has 

VOl S ~«( 0i ^ M ^(m)) #l(^(™))/ree = [jffi ( ^ : L (m)) /ree : ^ (m)] ' 
By Lemma |5.2| and Lemma |5.3| one can estimate 
l<[# 1 (X i :L(m)) /ree :.M Ti (m)] 

= [i^i(Xi : L(m)) free : pr(^(if 1 (<9X J ; L(m)) /ree ))] [pr(t*(#i(<9^i; L(m)) free )) : M^.(m)] 



< 



i=i 
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Thus we can estimate 

< -logvo% K(ei ^ 1(m)iaj 2 {m)) iJi(X i ;L(m)) /ree 
< log iHxpCt] L*(m)) tars \ + K (Ti) hgC + K(r<) \og[T(D) : T t 



and the first estimate follows. Applying Proposition [5.1| and Lemma [5.4| , the second esti- 
mate can be proved in the same way. □ 



Now we can prove Theorem 1.1 . We let the sequence X{ = r 4 \IHI 3 be as in Theorem |L~T| 



resp. the previous proposition. We let V£(m) resp. V*{m) be the dual spaces of V^(m) 
resp. V(m) and we let pM.(m) : SL 2 (C) — > V£(m) resp. p(m) : SL 2 (C) — > V*(m) be the con- 
tragredient representation of pM.(m) resp. p(m) . Then the representation p(m), regarded as 
a real representation, is equivalent to pu(m). Moreover, p(m) is self-contragredient. Thus, 
if for p G {2,m} we fix vectors oui(p) G L(p) as in the previous proposition and if we let 
C0i(p)* G L(p)* be the dual vectors, then we obtain bases B R (9i,u*(p)) resp. B R (r]i,u*(p)) 
of Hi(Xi, V^(p)) resp. of if 2 (Xj; V^(p)) for which the previous proposition continues to 
hold. Now we let p\(jp) ■= Pr(p) © Pr(p) acting on V R (p) := Vr(p) © Vr(p). Then we 
obtain bases B^uj^p)) U B R {9 h (//)), i3 R (r/,, W< (//)) U S R (7^, <(//)) of ^(X,, F R (/i)) 
resp. of F 2 (Xi, To save notation, we write B x {p) := B^{O h uji{p)) U B R (6i,uj*(p)), 

BM^B^u^UB^u^p)). 



We identify ii/*(Xj; L{m)) = H*(Ti; L{m)). By Proposition |57| one has 

log \Hx{ri] L(m))tors\ 



21im inf 

i— >oo 



vol(Xi 



log|i?i(rj;L(m)) tors | -logvol Bl ( m ) Hx(Ti;L(m))f r 
> hm mf — — 

On the other hand, by Proposition |5.5| and Proposition [TT] one has 



. log\Hi(Ti;L(m)) tors \ - \ogvo\ Bl{m) H^Tf, L(m)) fr 
hm mf 



i — ^oo 

> lim inf 

i— >oo 



+ 



+ 



VOl(X;) 

log l^jXTj; L(m)) tors | - logvol Bl(m ) grCTjj L(m)) }ree - log |iT (r^; L(m) ) 

vol(X) 

logvol B2 ( m )(ff 2 (r,; L(m)) free ) - log |gi(r^ L(2)) tors | + logvol gl(2) i^r,; L(2)) /r 

vol(X) 

log \H (Tj] L(2)) tors \ - logvol g2(2) (ij' 2 (r^ L(2)) free ) 

vol(X) 



tors 



By Lemma |3.2| , Lemma and since p(m) is self-contragredient, for each m G N, the last 
lim inf equals 



lim inf — 4- 

i^oo VOl(Xj 
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If linij_ > . 0O [r(Z)) : Tj] = oo, then lim^oo £(Ti) = oo and thus by Proposition |2]3] one has 

m(m + 1) — 6 



lim inf — log Ty (p( m )) 



71 



This proves Theorem □ 
To prove Corollary |L^, we remark that by ( [4.12| ) and Lemma [4.1| we can estimate 



K(T(a t ))\og[T(D) : < 3d F log N(a t 



[rp) : r(a. 4 )] 

and thus Corollary L2 follows from Theorem |1.1| . 



N(oi 



Remark 5.6. At the end of this article we want to remark that in our oppinion the as- 



sumption made in Theorem that all groups Tj are contained in a torsion-free subgroup 



To of T(D) is probably unneccessary. We think that Theorem and its proof presented 
here can be generalized to any sequence of congruence subgroups Tj of T(D) satisfying 
( p..3[ ). The assumption that all Tj are contained in Tq was only used in the proof of Lemma 
[5.3| and Lemma |5.4| where we used the construction of an explicit basis in the homology 
with twisted coefficients for the manifold X Q given by Menal-Ferrer and Porti in |MePo2 



Proposition 2.2]. We think that these results of Menal-Ferrer and Porti can in turn be 
generalized to the space r(Z))\EI 3 which is not a manifold but only a good hyperbolic 
orbifold of finite volume. 
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